Commun. Pure Appl. Anal., to appear 



LOCALIZED BMO AND BLO SPACES ON RD-SPACES 
a^ AND APPLICATIONS TO SCHRODINGER 

§ ■ OPERATORS 

> ■ Dachun Yang, Dongyong Yang and Yuan Zhou 

School of Mathematical Sciences, Beijing Normal University, 



(N 
> 



Laboratory of Mathematics and Complex systems. Ministry of Education, 
Beijing 100875, People's Republic of China 



Abstract. An RD-space X is a space of homogeneous type in the sense of Coifman and 
■ Weiss with the additional property that a reverse doubUng condition holds in X. Let 

^ p be an admissible function on RD-space X. The authors first introduce the localized 

spaces BMOp{X) and BLOp(A') and establish their basic properties, including the John- 
Nirenberg inequality for BMOp(A'), several equivalent characterizations for BLOp(A'), 
and some relations between these spaces. Then the authors obtain the boundedness on 
these localized spaces of several operators including the natural maximal operator, the 
Hardy-Littlewood maximal operator, the radial maximal functions and their localized 
I versions associated to p, and the Littlewood-Paley g-function associated to p, where the 

l/^ . Littlewood-Paley (^-function and some of the radial maximal functions are defined via 

' kernels which are modeled on the semigroup generated by the Schrodinger operator. 

. These results apply in a wide range of settings, for instance, to the Schrodinger operator 

' or the degenerate Schrodinger operator on R'^, or the sub-Laplace Schrodinger operator 

1. Introduction. Since the space, BMO(M'^), of functions with bounded mean oscillation 
^ ' on M'^ was introduced by John and Nirenberg [20], it then plays an important role in 

harmonic analysis and partial differential equations. For example, it is well known that 
BMO(IR'^) is the dual space of the Hardy space H^{W^) (see, for example, [27, 13]), and also 
a good substitute of L°°(]R'^). Recall that the Riesz transforms V(— A)~^/^ are bounded 
on BMO(M'^) but not on L°°{R'^) (see again, for example, [27, 13]), where A = J2l=i ^ is 

the Laplacian and V is the gradient operator. However, the space BMO(M'^) is essentially 
related to the Laplacian A. 

Let C = —A + V be the Schrodinger operator on R'^, where the potential F is a nonneg- 
ative locally integrable function. Recently, there is an increasing interest on the study of 
these operators. In particular, Fefferman [10], Shen [26] and Zhong [34] established some 
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basic results, including some estimates of the fundamental solutions and the boundedness 
on Lcbcsguc spaces of Riesz transforms, for £ on R*^ with d > 3 and the nonnegative 
potential V satisfying the reverse Holder inequality. Especially, the works of Shen [26] 
lay the foundation for developing harmonic analysis related to C on M'^. Li [21] extended 
part of these results in [26] to the sub-Laplace Schrodinger operator on connected and 
simply connected nilpotent Lie groups. On the other hand, denote by Bq(M.'^) the class of 
functions satisfying the reverse Holder inequality of order q. For V G Bfi/2{^'^) with d > 3, 
Dziubahski et al [9] introduced the BMO-type space BMO£(]R'^) associated to the auxiliary 
function p determined by the potential V (see, for example, (4) below) and established 
the duality between H^iW^) and BMO£(M'^), as well as a characterization of BMO£(M'^) 
in terms of the Carleson measure and the BMO£(M^) boundedness of the variants of some 
classical operators associated to C including semigroup maximal functions and the Hardy- 
Littlewood maximal function. These results were generalized to Heisenberg groups by Lin 
and Liu [22]. Also, it is now known that BMO£(M^) in [9] is a special case of BMO-type 
spaces introduced by Duong and Yan [4, 5]; see, in particular, [5, Proposition 6.11] and 
also [33]. 

Recently, a theory of Hardy spaces and their dual spaces on so-called RD-spaces was es- 
tablished in [15, 16, 14]. A space of homogenous type X in the sense of Coifman and Weiss 

([2, 3]) is called to be an RD-space if X has the additional property that a reverse doubling 
condition holds in X (see [16]). It is well known that a connected space of homogeneous 
type is an RD-space. Typical examples of RD-spaces include Euclidean spaces, Euclidean 
spaces with weighted measures satisfying the doubling property, Heisenberg groups, con- 
nected and simply connected nilpotent Lie groups ([29, 30]) and the boundary of an un- 
bounded model polynomial domain in ([24]), or more generally, Carnot-Caratheodory 
spaces with doubling measures ([25, 16]). In [31], modeled on the known auxiliary function 
determined by F, a notion of admissible functions p was introduced and a theory of the 
localized Hardy space Hp{X) associated with a given admissible function p was developed. 
In particular, the space Hp{X) was characterized via several maximal functions modeled 
on the semigroup maximal operators generated by Schrodinger operators, including the 
localized radial maximal function S^. 

One of the main purposes of this paper is to investigate behaviors of these maximal 
operators aforementioned on localized BMO spaces. Precisely, let p be an admissible 
function on RD-space X. We first introduce the localized BMO space BMOp(Af) and 
localized BLO space BLOp{X), and establish their basic properties, including the John- 
Nirenberg inequality for BMOp(A'), several equivalent characterizations for BLOp(A'), and 
some relations between these spaces. Then we obtain the boundedness on these localized 
spaces of several operators including the natural maximal operator, the Hardy-Littlewood 
maximal operator, the radial maximal functions and their localized versions associated 
to p, and the Littlewood-Paley ^'-function associated to p, where the Littlewood-Paley 
(/-function and some of the radial maximal functions are defined via kernels which are 
modeled on the semigroup generated by the Schrodinger operator. These results apply in 
a wide range of settings. Moreover, even when these results are applied, respectively, to 
the Schrodinger operator or the degenerate Schrodinger operator on W^, or the sub-Laplace 
Schrodinger operator on Heisenberg groups or connected and simply connected nilpotent 
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Lie groups, we also obtain some new results. 

To be precise, this paper is organized as follows. 

In Section 2, we first recall some notation and notions from [16, 31], including the 
approximation of the identity, the admissible function p, the radial maximal function 
and the localized radial maximal function S'^{f), where S~^{f) and S'+(/) are 
defined via a given approximation of the identity. 

In Section 3, letting p be an admissible function on X, wc first introduce the localized 
BMO space BMOp(^) and localized BLO space BLOp(A:'); see Definitions 3.1 and 3.2 
below. We also recall the notions of their global versions in Definitions 3.1 and 3.2 below. 
Then we establish some useful properties concerning these spaces, including the John- 
Nirenberg inequality for BMOp(A') (sec Theorem 3.1 below), several characterizations and 
inclusion relations of these spaces (see Lemma 3.1, Remarks 3.1 and 3.2, and Corollary 
3.1 below). Then we prove that the function in BLOp(A') has lower bound in Theorem 

3.2, and establish several equivalent characterizations of BLOp{X) in Theorems 3.2 and 

3.3, Remark 3.3, and Corollaries 3.2 and 3.3 below. 

In Section 4, we establish the boundedness of the natural maximal function, the Hardy- 
Littlewood maximal function and their localized versions from BMOp(A') to BLOp{X), 
and as an application, we obtain several equivalent characterizations for BLOp(A') via the 
localized natural maximal function; see Theorems 4.1 and 4.2, Lemma 4.1 and Corollary 
4.1 below. We point out that Corollary 4.1 improves the results of [9] and [22] even for the 
Schrodinger operators on R'^ or Heisenberg groups with the potentials satisfying certain 
reverse Holder inequality; see Remark 4.1 below. 

In Section 5, we establish the boundedness of some maximal operators from BMOp(A:') 
to BLOp(^). To be precise, the boundedness of the radial maximal functions S^(f), 
£'+(/) and certain maximal operator T+ from BMOp(Af) to BLOp(A:') are presented in 
Section 5.1; see Theorem 5.1, Corollaries 5.1 and 5.2 below. These operators were used, 
respectively in [14] and [31], to characterize the corresponding Hardy spaces H^{X) and 
H^{X). Section 5.2 is devoted to the boundedness of P+ from BMOp(A') to BLOp(;f ); see 
Theorem 5.2 below. Here, T"*" and P"*" are defined via kernels which are modeled on the 
semigroup generated by the Schrodinger operator, and were used in [31] to characterize 
the corresponding Hardy space Hp{X). 

In Section 6, we obtain the boundedness on BMOp(A:') of the Littlewood-Paley g- 
function which is also defined via kernels modeled on the semigroup generated by the 
Schrodinger operator. Assuming that ^-function is bounded on L^{X), we prove that if 
/ G BMOp{X), then [fl'(/)]^ G BLOp{X) with norm no more than C'||/|||mo (A")' where 
C is a positive constant independent of /; see Theorem 6.1 below. As a corollary, we 
obtain the boundedness of the Littlewood-Paley function from BMOp(Af) to BLOp(X); 
see Corollary 6.1 below. 

In Section 7, we apply results obtained in Sections 5 and 6, respectively, to the 
Schrodinger operator or the degenerate Schrodinger operator on W^, the sub-Laplace 
Schrodinger operator on Heisenberg groups or on connected and simply connected nilpo- 
tent Lie groups. The nonnegative potentials of these Schrodinger operators are assumed 
to satisfy the reverse Holder inequality. See Propositions 7.2, 7.3, 7.4 and 7.5 below. Even 
for these special cases, our results further improve and generalize the corresponding results 
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in [9, 22]. 

We now make some conventions. Throughout this paper, we always use C or to 
denote a positive constant that is independent of the main parameters involved but whose 
value may differ from line to line. Constants with subscripts, such as Ci or Ai, do not 
change in different occurrences. If / < Cg, we then write f ^ g or g > f; and if / < 5 < /, 
we then write f ^ g. For any given "normed" spaces A and the symbol A C B means 
that for all f £ A, then f £ B and ^ II/II.4- We always use B to denote a ball 

of X, and for any ball B C X, we denote hy xb the center of B, tb the radius of B, 
and B^ = X\ B. Moreover, for any ball B C X and A > 0, we denote by XB the ball 
centered at and having radius Ar^. Also, XE denotes the characteristic function of any 
set E C X. For all / G L\^^ (X) and balls B, we always set /b = ^^(^ f{y) dijL{y). 

2. Preliminaries. We first recall the notions of spaces of homogeneous type in the sense 
of Coifman and Weiss [2, 3] and RD-spaces in [16]. 

Definition 2.1. Let {X, d) be a metric space with a regular Borel measure n such that 
all balls defined by d have finite and positive measure. For any x e X and r G (0, oo), set 
the ball B{x, r) = {y e X : d{x, y) < r}. 

(i) The triple {X, d, ^) is called a space of homogeneous type if there exists a constant 
Ai G [1, oo) such that for aW. x £ X and r G (0, oo), 

IJ,{B{x,2r)) < AiiJ,(B{x,r)) {doubling property). (1) 

(ii) Let K G (0,n]. The triple {X, d, fi) is called a (k, n)-spacc if there exist constants 
M G (0,1] and A3 G [l,oo) such that for all x G A', r G (0, diam(A')/2] and A G 
[1, diam(^)/(2r)], 

A2AV(5(x, r)) < ^Ji{B{x, Ar)) < A^X'^i{B{x, r)), (2) 

where diam (A') = sv,Y>j.^y^x d{x,y). 

A space of homogeneous type is called an RD-space, if it is a (k, n)-space for some 
K G (0, n], i.e., if some "reverse" doubling condition holds. 

Obviously, a (k, n)-space is a space of homogeneous type with Ai = A^2'^. Conversely, 
a space of homogeneous type satisfies the second inequality of (2) with A^ = Ai and 
n = log2 Ai. Moreover, it was proved in [16, Remark 1] that X is an RD-space if and only if 
X \s& space of homogeneous type with the additional property that there exists a constant 
ao G (1, 00) such that for all x G A" and r G (0, diam (A')/ao), B[x, a^r) \ B{x, r) 7^ 0. 

In what follows, we always set Vr{x) = ji{B{x, r)) and V{x, y) = iJ,{B{x, d{x, y))) for 
all x, y e X and r G (0, 00). 

Definition 2.2. ([31]) A positive function p on A" is said to be admissible if there exist 
positive constants Co and ko such that for all x, y ^ X, 

1 <C 1 d + ^V". (3) 
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We remark that the function p in Definition 2.2 does exist. Obviously, if p is a constant 
function, then p is admissible. Moreover, let xq ^ X being fixed. The function p{y) = 
{\+d{xQ, y))* for ally G A' with s G (— oo, 1) also satisfies Definition 2.2 with /cq = s/(l — s) 
when s G [0, 1) and = —s when s G (— oo,0). Another non-trivial class of admissible 
functions is given by the well-known reverse Holder class Bq{X,d, p,), which is always 
written as Bq{X). Recall that a nonnegative potential V is said to be in Bq{X) with 
g G (1, oo] if there exists a positive constant C such that for all balls B oi X, 

with the usual modification made when g = oo. It is known that if F G Bq{X) for certain 
q G (1, oo], then V is an A^{X) weight in the sense of Muckenhoupt, and also V G Bqj^^{X) 
for some e G (0,oo); see, for example, [27] and [28]. Thus Bq{X) = Uq^yqBq^{X). For all 
V G Bq{X) with certain q G (1, oo] and all x & X, set 

p{x) = [m{x, V)]-^ = sup i r > : [ V{y) dp{y) < 1 1 ; (4) 

see, for example, [26] and also [31]. It was also proved in [31] that p in (4) is an admissible 
function if n > 1, > max{l, n/2} and V G Bq{X). 

The following notion of approximations of the identity on RD-spaces was first intro- 
duced in [16], whose existence was given in Theorem 2.1 of [16]. 

Definition 2.3. Let ei G (0, 1] and 62 G (0, 00). A sequence {Sk}kGZ of bounded linear 

integral operators on L'^{X) is said to be an approximation of the identity of order (ei, 62) 
(for short, (ei, e2)-A0TI), if there exists a positive constant A4 such that for all A; G Z 
and all x, x' , y and y' G X, Sk{x,y), the integral kernel of Sk is a measurable function 
from X X X into C satisfying 

10/ \l A 1 2 — 

(1} \Sk{x, y)\ < ^4y^_^(^)+y^_^(y)+y(^^2^) (2-fc+d(x,y))^2 5 

(n) [^^(a;, y) - Sk{x', y)\ < A^i^-k^'dixly)^' V2-k{x)+v^-kiy)+vix,y) {2-k'idiJ,y)r2 
for d{x,x') < {2-^ + d{x, y))/2; 

(iii) Property (ii) also holds with x and y interchanged; 

(iv) Sh{x, z) dp{z) = 1 = Sk{z, y) dp{z) for all x, y E X. 

Remark 2.1. If a sequence {St}tyo of bounded linear integral operators on L'^(X) sat- 
isfies (i) through (iv) of Definition 2.3 with 2~'^ replaced by t, then we call {St}t>o a 
continuous approximation of the identity of order (ei, €2) (for short, continuous (ei, €2)- 
AOTI). For example, if {S'fcjfeGZ is an (ei, e2)-A0TI and if we set St{x, y) = Sk{x, y) for 
t G (2-*^-^ 2-^] with G Z, then {St}t>o is a continuous (ei, e2)-A0TI. 

Definition 2.4. Let e\ G (0, 1], 62 G (0, 00) and {St}t>Q be a continuous (ei, £2) — AOTI. 
Let p be admissible. 



6 



Dachun Yang, Dongyong Yang and Yuan Zhou 



(i) For any / G L\^^ {X) and x e X, the radial maximal function S'^{f) is defined by 

S+{f){x)^sup\St{f){x)\; 
t>o 

(ii) For any / G L\^^ (X) and x e X, the radial maximal function S'^{f) associated to 
p is defined by 

S+{f){x)^ sup \St{f){x)\. 

0<t<p{x) 

3. Localized BMO and BLO spaces. This section is divided into two subsections. In 
Section 3.1, we introduce a localized BMO-type space JiMOp{X) and establish its several 
equivalent characterizations, John-Nirenberg inequality and some other properties; while 
Section 3.2 is devoted to the study of a corresponding localized BLO-type space BLOp(Af). 

3.1. A localized BMO space. 

Definition 3.1. Let p be an admissible function on P = {B(x, r) d X : x & X , r > 
p{x)} and q £ [1, oo). 

(i) A function / G L\^^ {X) is said to be in the space BMO'^{X) if 

II/IIbmO'W = sup |— ^ / \f{y) - fB\''dp{y)\ < oo. 

Bex IfJ-K^) Jb J 

(ii) A function / G L]^^ {X) is said to be in the space BMO^(;f ) if 

II/IIbM02(^) ^|»P X - /B|»rfM(!/)} 

Remark 3.1. (i) The space BMO'^{X) with q G [l,oo) coincides with BMO^(-Y); see [3]. 

We denote BMO^{X) simply by BMO{X). 

(ii) We also denote BMOl{X) simply by BMOp{X). The locaUzed space BMOp(M'') 
when p = 1 was first introduced by Goldberg [12]. If g > |, F G Bq(K'^) and p is as in (4), 
then BMOp(M'^) is just the space BMO£(M'') introduced by Dziubanski et al in [9]. For 
all q G [l,oo), BMO«(A') C BMO{X). 

(iii) Let q G [l,oo), a G (0, oo) and Da = {B(x,r) C X : r > a}. Define the space 
BMO^{X) as in Definition 3.1 (ii) with T> replaced by T^a- Then, (1) implies that for all 
q G [l,oo) and fixed ai, 02 G (0,oo), BMOl^{X) = BMOl^{X) with equivalent norms. 
From this, it further follows that if IJ,{X) < 00, then for all q G [1, 00) and any fixed 
a G (0, cxd), BMOIXX) = BMO^iX) with equivalent norms. In fact, by (2), there exists a 
positive constant M such that for all x, y & X, d{x, y) < M. This together with Lemma 
2.1 in [31] implies that there exist positive constants C and C such that for all x e X, 
C < p{x) < C. Thus, for all q G [l,oo), BMO^(A') C BMOl{X) C BMOl(A') which 
implies the desired conclusion. 
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The following result follows from Definition 3.1. 

Lemma 3.1. Let p be an admissible function on X and q G [l,c)o). Then BMOp(^) = 
BMO^(A') with equivalent norms. 

Proof. Assume that / G BMO^(A'). Then by the Holder inequality, / G BMOp(A') and 
\\f\\BMOp{x) < II/IIbmo?(a^)- Conversely, if / G BMOp(Af), then by Remark 3.1 (i) and 
Definition 3.1, 

ll/llBMO«m ^ II/IIbmo'2(a^) + sup < ||/||bmo„(a^)> 

which implies that / G BMO^l^-) and ||/||BMO^(;t) < II/I|bmo,(a;)- Thus BMOp(^) = 
BMOJ^^X) with equivalent norms, which completes the proof of Lemma 3.1. □ 

Recall that the classical John-Nirenberg inequality (see [3]) says that there exist positive 
constants Ci and C2 such that for all / G BMO{X), balls B and A > 0, 

/i({xG5: - fB\ > A}) < Cifi{B) exp {- | . (5) 

From this, we deduce a variant of the John-Nirenberg inequality suitable for BMOp(Af) as 
follows. 

Theorem 3.1. Let p be an admissible function on X and D be as in Definition 3.1. If 
f G ^M.Op{X), then there exist positive constants C3 and C4 such that for all balls B and 
X>0, 

fiiixeB: \f{x)- fB\> X}) <C\piB)exp\-j—^ I, (6) 



BMOp{X) 



and, moreover, for all B eV, 



M ({x G 5 : > A}) < C3/i(5) exp \ -jjr^ [ • (7) 

[ ll/l|BMOp(A') J 

Proof. The inequality (6) follows from (5) and Definition 3.1 directly. To show (7), let 
B gT>. If a > 2||/||bmOp(a^)) by the definition, we have A > 2|/|b. Thus for all balls B in 
V, we obtain 

p{{xeB: \f{x)\>X})<pi{xeB: - /s| > A/2}) , 

which together (6) yields (7); if < A < 2||/||bmOp(A')) we then have 

M ({x G S : \f{x)\ > A}) < /x(S) < /x(S) exp | -jjt^ I ■ 

[ \\j\\BMOp(X) J 

This finishes the proof of Theorem 3.1. □ 
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Remark 3.2. Let p be an admissible function on X and q G [l,oo). Applying Theorem 
3.1, we can also obtain that BM.Op{X) = BMO'^{X) with equivalent norms. 

We now establish the relation between BMO(Af) and 'BMOp{X) in terms of certain 
approximation of the identity. To begin with, let p be an admissible function on X. In 
[31], it was proved that there exist a nonnegative function Kp on X x X and a positive 

constant C5 such that 

(K)i Kp{x, y) = if X, y e X satisfying d{x, y) > C5min{p(x), p{y)}; 
(K)2 Kp{x, y) < C5 v^^^^i^)lv^^^^{y) foi" all X, y e -Y; 
(K)3 Kp{x, y) = Kp{y, x) for all x, y ^ X; 
(K)4 Kp{x, y) djiiyx) = 1 for all y & X. 
For all X £ X, let 

Kpif)ix)= [ Kp{x,y)f{y)di^{y). (8) 

JX 

It was proved in [31] that if / G Hl{X), the Hardy space associated to p, then f — Kp{f) G 
H^{X), where H^[X) is the Hardy space studied in [15, 16, 14], which coincides with the 
atomic Hardy space H^f(X) of Coifman and Weiss in [3]. Moreover, there exists a positive 
constant C such that for all / G Hp{X), 



Kp{mHHx)<C\\f\\m(x). 



(9) 



On the other hand, it was showed in [32] that the dual space of Hp{X) is BMOp{X). Prom 
these facts, we deduce the following corollary. 

Corollary 3.1. Let p be an admissible function on X and Kp be as in (8). Then 

(i) BMOp{X) = {he BMO{X) : Kp{b) G L'=°{X)}; moreover, for all b G BMOp{X), 



iBMOpiX) 



L°°iX) 



+ 



Ibmo(a')- 



(a) If f & BMO{X), then f — Kp{f) G BMOp{X); moreover, there exists a positive 
constant C such that for all f G BMO[X), 

11/ - -^p(/)IIbMOp(A') < C'II/IIbmo(a')- 

Proof We first prove (i). Assume that b G BMO{X) with Kp{b) G L°°(A'). Recall 
that H^iX) C L\X) (see Lemma 3.1 in [31]). For any / G Hllx), by (K)3, (9) and 
{H\X)Y = BMO(;i^) (see [3]), we have 



b{x)f{x) dii{x) 



< 



X 



b{x) [f{x)-Kp{f){x)]dp.{x) 



+ 



X 



b{x)Kp{f){x)dn{x) 



X 



<\\b\\BMO(X)\\f-Kpif)\\H^;,) + 
<\\f\\HliX) [||6||BMOW + l|i^p(&)l|Lo=w]. 

Thus by {Hl{X))* = BMOp{X), we obtain b G BMOp(A') and 

II^IIbMOp(A') ^ II^IIbMO(A') + \\Kp{b)\\L'^{X)- 



f{x)Kp{b){x)dp{x] 
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Conversely, assume that b G BMOp(A'). By (K)i and (K)2, for all x E X, we have 



\K,ib)ix)\< / \K,{x,y)b{y)\dti{y) 

Jd{x,y)<Csp{x) 



< 



j{x){x) Jb{x,( 



\b{y)\My) ^ \\b\\BMOp{x)- 



^C5p(x){X) JB{x,C5P{x)) 

This shows (i). 

To see (ii), by (K)3, (9) and {H^{X))* = BMO(Af), we have that for all / G BMO(;f) 
and beHliX), 



[ [f{x)-Kp{f){x)]b{x)dii{x) 
Jx 



X 



f{x)[b{x)-K,{b){x)]dii{x) 



< 



\\f\\BMO{X)\\b\\Hl{X), 

mplies that 

desired estimate. This finishes the proof of Corollary 3.1. 



which together with {Hl{X))* = BMOp{X) implies that / - Kp(f) G BMOp(A') and the 



□ 



3.2. A localized BLO space. 

Definition 3.2. Let p and D be as in Definition 3.1 and q G [1, oo). 
(i) A function / G L^^^ (X) is said to be in the space BLO'^(A:') if 



BLO^CA-) = sup < — — 

^ ' Bex I KB) JB 



f{y) - essinf/ 



Q ^ 1/9 

} < oo. 



(ii) A function / G L\^^ (X) is said to be in the space BLOp(A') if 



BLO'fA") = sup 

' B^V iKB) Jb 



{B)Ib 



f{y) - essinf/ 



^ 1/9 



+ sup 



1 



Bev { fJ-iB) Jb 



IfivWdf^iy) 



1/9 



< OO. 



Remark 3.3. (i) The space BLO^M'^) with the Lebes gue measure was introduced by 
Coifman and Rochberg [1], and extended by Jiang [19] to the setting of M'' with a non- 
doubling measure. Let q G [1, oo). Then the facts that BL0^(A:) C BMO(A') = BMO''(A') 
together with the Holder inequality imply that BLO'^{X) = BLO^(A') with equivalent 
norms. We denote BLO^(A') simply by BLO(A'). Notice that BLO(A') is not a linear 
space. 

(ii) We also denote BLOp{X) simply by BLOp(A:'). The localized BLO space was first 
introduced in [18] in the setting of with a non-doubling measure. For all q G [l,oo), 
BLO^(A') C BMO^(A'). Even when p = 1, it is not so difficult to show that for all 
q G [l,oo), BLO^(M'^) is a proper subspace of BMO«(M'^). 

(iii) Let q G [l,oo), a G (0, oo) and Va = {B{x,r) C X : r > a}. Define the space 
BLO^(-%') as in Definition 3.2 (ii) with V replaced by Va- If m('^) < oo, then for all 
q G [l,oo) and admissible functions p, and any fixed a G (0,oo), BLO^(A') = BLO^(A') 
with equivalent norms. The proof is similar to that of Remark 3.1 (iii) and is omitted. 
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The following result follows from Definitions 3.1 and 3.2, whose proof is similar to that 
of Lemma 3.1 and is omitted. 

Lemma 3.2. Let p he an admissible function on X and q G [l,oo). Then BLOp(Af) = 
BLO^(<%') with equivalent norms. 

Theorem 3.2. Let p be an admissible function on X . There exists a positive constant C 
such that for all f G BLOp(A'), f(x) > — C||/||blo (x) for almost all x E X. Moreover, 
the following statements are equivalent: 
(i) f G BLOp(A'); 

(a) f & L\^^ (X) and there exists a nonnegative constant A such that 



sup 



1 



f{y) - essinf/ 



dp{y) 



+ sup 



\f{y)my) + 



essinf f 
B ■' 



Be© I KB) Jb 

(Hi) f € L\^^{X) and there exists a nonnegative constant C such that 



sup 
Bcx 



1 



piB) 



B I 



f{y) - essinf/ 



dpiv) > + sup 
Bev 



1 



piB) 



\f{y)\dp{y) < C 



Moreover, ||/||blOp(A')) inf{A} andini{C} are mutually equivalent. 
Proof. Let / G BLOp(;f). For ah balls B = B{xq, p{xo)/2), we have that 

1 



essinf f > 

B ■> - p{ 



B)Ib 



f{x) — essinf / 



dp{x) 



PiB) 



\f{x)\ dp{x) 



> 



BLOp(A')) 



which together with X = UxB(x, p{x)/2) and the Vitali- Wiener type covering lemma (see 
[3, p. 623]) implies that there exists certain positive constant C such that for p-a,. e. x G Af, 
f{x) > — C'||/||blOp(-^)- From this, it is easy to see that (i) implies (ii). Obviously, (ii) 
implies (iii) and (iii) implies (i). Thus we complete the proof of Theorem 3.2. □ 

Remark 3.4. (i) From Theorem 3.2 (h) and Definition 3.2 (i), it follows that BLOp(A:) C 
BLO{X). 

(ii) During this paper being written, we learnt that when V G Bq{W^) with q > d/2, 
and p is as in (4), Theorem 3.2 (iii) was used, independently, by Gao, Jiang and Tang [11] 
to introduce the space BLO£(M'^) corresponding to the Schrodinger operator C = —A + V. 

As a consequence of Theorem 3.2, we have the following corollary. 

Corollary 3.2. Let p be an admissible function on X. Then BLOp{X) = BMOp{X) n 
BLO{X). Moreover, for all f G BLOp{X), 



BLOp(X) ~ II/IIbMOp(A^) + II/IIbLO(A^)- 
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Proof. Let / G BMOp{X) H BLO{X) first. By Definitions 3.1 and 3.2, / G BLOp{X) 

and II/IIblOpCA") < \\f\\BMOp{X) + II/IIbloW- Conversely, assume that / G BLOp(A'). It 
follows from Definitions 3.1 and 3.2 that / G BMOp(A') and H/UbmOpCA-) ^ II/IIblOpCA-), 
which together with Remark 3.4 (i) completes the proof of Corollary 6. □ 

As a consequence of Corollary 3.1 and Corollary 3.2, we have the following result. 

Corollary 3.3. Let p be an admissible function on X and Kp he as in (8). Then 

BLOp(A') = {/ G BLO(A') : Kp{f) G L^{X)}. 

Proof. Assume that / G BLOp{X) first. Then by Corollary 3.2, / G B'LO{X)r\BMOp{X). 
Prom this and CoroUary 3.1 (i), it follows that Kp{f) G L°°(A'). Conversely, if / G BLO(A') 
and Kp{f) G L'^{X), then the obvious fact BLO(A') C BMO{X) together with another 
application of Corollary 3.1 (i) implies that / G BM.Op{X), which together with Corollary 
3.2 yields that / G BLOp(Af). This finishes the proof of Corollary 3.3. □ 

Theorem 3.3. Let p be an admissible function on X and Kp be as in (8). Then there 
exists a positive constant C such that for all f G BLO (A:"), / — Kpf G BLOp(X) and 

\\f-Kp{f)\Uo,ix)<C\\f\Uoixy 

Proof Let / G BLO(A'). By the homogeneity of || • ||blo(A') and || • \\BhOp{x), we may 
assume that H/IIbloCA") = 1- Let B = B{xo,r) G V. Observe that by (3), for any a G 
(0, go), there exists a constant Ca G [1, oo) such that for all x, y e X with d{x, y) < ap{x), 

p{y)/Ca < p{x) < Cap{y). (10) 

By this and r > p(.xo), we obtain that for all x £ B, p{x) < r. Then there exists a positive 
constant C such that for all x £ B, B{x,C^p{x)) C CB. By (K)i through (K)4, (1) and 
the Tonelli theorem, we obtain 



1 



\f{x)-Kp{f){x)\dfi{x) 



< / I fix) — essinf/ + Ko( f — essinff ) (x) \ daix) 

<l + 4./ / l/(.)-essmf../l ^^^^^ ^^^^ 

Jcb JB{y, Csp{y)) ^p(x) (x) + Vpiy) (y) 

On the other hand, let B = B{xo,r) ^ T>. Using r < p{xo) and (10) with a = 1, we 

obtain that there exists a constant Ai G [1, cxd) such that for all x, y £ B, B{x,p{x)) C 
B{y,Aip{y)). From this together with (1), it follows that for all x, y £ B, 



essinf / — essinf / 

B{y,p{y)) B{x,p{x)) 



< 1. 
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By this together with (K)^ through (K)4 and (1), we have that for all x, y G S, 



Kp{f){y)- essini f 

B(x, p(x)) 



< 



Kp{f){y) - essinf / 
B{y, p{y)) 



+ 



essinf / — essinf / 

B{y,p{y)) B{x,p{x)) 



< 1. 



Prom this fact, we deduce that 

[/-K,(/)]^-essmf [f-Kp{f)] 

< 



essmf/- essinf I dfi{x) 



KB) 

l^iB) JB 



-K,(f)(x) + „essinf / 

B(x,p(x)) 



+ 



■ essinf / - essinf [-Kp{f)] 

B{x,p(x)) B 



diJ,{x) 



<1. 



This together with (11) gives the desired estimate and hence, finishes the proof of Theorem 
3.3. □ 



4. Boundedness of the natural and the Hardy-Littlewood maximal functions. In 

this section, we first obtain the boundedness of the natural maximal function, the Hardy- 
Littlewood maximal function and their localized versions from BMOp(A') to BLOp(A'); as 
an application, we then establish several equivalent characterizations for BLOp(A') via the 
localized natural maximal function. 

Definition 4.1. Let p be an admissible function on A'. For all / € L\^^ (X) and x G A", 
define HL(/)(x) = sup^g^{|/|B}, M(/)(x) = sup^gB{/s}> HLp(x) = sup^^B,B(v{\f\B}, 
and Mp{f){x) = sup^g^ ^^^{/b}. 

Theorem 4.1. Let p be an admissible function on X . Then Mp is bounded fronn ^M.Op{X) 
to 'SLOp{X), namely, there exists a positive constant C such that for all f G BMOp(X), 
Mp{f) G BLOp{X) and 

\\Mp{f)\\BLO,(X)<C\\f\UlO,(X)- 

Proof. Let / G BMOp{X). By the homogeneity of || • \\bmOp{x) and || • \\BLOf,{X), we may 
assume that ||/||bmo (A") = 1- We first prove that for all balls B = B{xo, r) G V, 

[HL,(/)]b < 1. 



(12) 



From this, it follows that for all balls i? G P, {\Mp{f)\)B ^ 1, which implies that 
\Mp{f)ix)\ < n-a.e. X e X. 

To prove (12), for all balls B eV, write 

[HLp(/)]B < [HLp(/x3b)]b + [HLp(/x(35)c)]B. 

The Holder inequality together with the L^(A')-boundedness of HL (see [2]) and Lemma 
3.1 gives us that 



[HLp(/x3B)]B < {([HL(/x3b)]')b}^/' < {(|/X3bP)b}^/' < 1. 



(13) 
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We now claim that for all y e B, HLp(/x^3^^c)(y) ^ 1- In fact, for all balls B = 
B{x, r) such that Br\B 7^ J), we have that either 5 c 3S or B c 35. If B c ZB, 
then (|/X(3B)C |)^ = 0. If 5 C 35, then by (10), there exists a constant C G [1, 00) such 

that Cr > p{x). Thus, using (1), we have that (|/X(3_b)c|)5 ^ (l/Dcs ~ "^^^ claim 
then follows from the two estimates above, which together with (13) leads to (12). 

We now prove that there exists a positive constant C such that for all balls B = 
B{xo,r)^V, 

[Mp{f)]^< C+essinf Mpif). (14) 



Write 



[Mpif)]B < {Mp [(/ - /b)x3s]}s + {Mp [fBXSB + /X(3B)c] }^ • 



Using the Holder inequality, the L^(Af)-boundedness of HL, (1) and Lemma 3.1, we obtain 
that 

{M,[(/ - fB)X3B]}B < {HL[(/ - /s)x3s]}b < [(1/ - /3S|')3S]'/' < 1- (15) 

Now we show that for all x, y e B, Mp(fBX3B + /X(3B)c)(a;) <C + Mp{f){y). For all 

balls B = B{x,r) ^ V containing x, we have either B C 35 or 5 C 35. Assume that 
5 C 35 first. Then 

'fBXZB + /X(3B)c] ~ = fB< Mp{f){y). (16) 

Now we assume that 5 c 35. If 35 ^ V, then the fact y G 5 c 35 gives us that 
< Mp{f){y), which together with (1) implies that 

/SX3B + /X(3B)c] ~ - Mp{f){y) 

= {fB- /3s) X3S + (/ - /3s) X(3B)c] ~ + /3B - Mp{f){y) 
<[|/B-/35lX3B]g+(|/-/3Bl)5<l. 

If 35 G V, then p{x) < 3r. Since B, B ^ T>, x, y £ B and x, x eJ3, by (10), p{y) ~ 
p{xo) pix) ~ p{x) > r, which implies that p{y) ~ p(x) ~ r. Let A G [l,oo) satisfying 
piy) > ?/A. Then 5(y, ¥/A) ^ V. By the fact that Jb^^^/a) < Mp{f){y) together with 
(1), we have that 



/bX3B + /X(3B)C ~ - Mp{f){y) 



< 



- + 

B 



/3B /, 



3B JB(y,r/A) 



< 1. 



(/b - fse) X3B + (/ - /3s) X(3B)C 

Combining the two inequalities above and (16) leads to that 

[Mp{fBX3B + /X(3B)t:)]B - essinf BMp(/) < 1, 
which together with (15) further implies (14). This finishes the proof of Theorem 4.1. □ 
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Lemma 4.1. Let p he an admissible function on X . Then f G BLOp{X) if and only if 
f e {X), Mp{f) - / G L-C^) and 

^^PTTTm / l/(y)MMy)<i- (17) 

Furthermore, \\Mp{f) - f\\L'-^(^x) ~ ll/llsLOpW- 

Proof. Assuming that / G BLOp{X), we then see that (17) holds. Since /j, is regular, 
for /x-a. e. x e X, there exists a sequence of balls {Bk}k centered at x with rs^. — >^ as 
A; — oo such that 

hm-^/ /(y)d/x(2/) = /(^)- (18) 

Let X be any point satisfying (18) and B be a ball containing x with B ^ V. Then we 

obtain that f{x) > essinf b f and fs — f{x) < ||/||blo (x)- Taking the supremum over all 
balls B containing x and B ^ T>, wc have Mp[f){x) — f{x) < ||/||blOp(A')- 

Conversely, assume that / satisfies (17) and Mp{f) — / G L^{X). Then for all balls 
5 ^ P and /x-a. e. x G S, f{x) > fs - \\Mp{f) - f\\L'^(x) - This yields that 

es^nf f>fB- \\Mp{f) - f\\L--(x), 

which together with (17) implies that / G BLOp{X) and H/HblOpCA-) ^ \\Mp{f)- f\\Loo^x)- 
This finishes the proof of Lemma 4.1. □ 

Theorem 4.2. Let p be an admissible function on X . Then f G B>hOp{^X) if and only if 
there exist h G L^[X) and g G BMOp(^) such that 

f = Mp{g) + h. (19) 

Furthermore, \\f\\B-LOp{x) ~ inf (H^IIbmOpCA-) + ||^||l°°(A')), where the infimum is taken over 
all representations of f as in (19). 

Proof. If there exist g and h satisfying (19), then by Theorem 4.1, Mp{g) G BLOp{X), 
which together with L'^{X) C BLOp{X) implies that / G BLOp{X) and 

II/IIbLOpCA-) ^ I|-^p(5)IIbLOp(A') + II^IU-CA-) ^ IbllBMO^W + II^IIl-(A-)- 

To see the converse, assume that / G BLOp(X). By BLOp(X) C BMOp{X) and 
Theorem 4.1, we see Mp{f) G BLOp{X). Let h = f - Mp{f) and g = f. Then Theorem 
4.2 follows from Lemma 4.1, which completes the proof of Theorem 4.2. □ 

As another corollary of Theorem 4.1, we obtain the boundedness of HL, HL^ and M 
from BM.Op{X) to BLOp{X). To this end, we first establish the following useful lemma. 

Lemma 4.2. Let p be an admissible function on X and Y he one of the spaces BM.O{X), 
BMOp{X), BLO(A') andBl.Op{X). IffeY, hi, ^2 e L'^{X), and f - h2 < g < f + hi, 
then g EY and 

WdWr < WfWr + + ||^2||l°°(a')- 
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Proof. We only consider the case that Y = BLOp{X) by similarity. For all balls B E V, 
we have that 

\g\B < |/|_B + + II^2||l°°(A') < II/IIbLOp + + II^2||l°°(A')- 

On the other hand, for all balls B ^V, 

gB-essMg< /B+||^i||ioo(^)- essinf /+||/i2||Loo(^) < ||/||BLOp + ||/ii||L°c(^) + ||/i2||Loo(^). 

Combining the two inequalities above finishes the proof of Lemma 4.2. □ 

Corollary 4.1. Let p be an admissible function on X . Then HL, HL^ and M are bounded 
from BMOp(A') to BLOp(A'), namely, there exists a positive constant C such that for all 
f e BMOp(A'), HL(/), HLp(/), M(/) G BLOp{X) and 

I|HL(/)||blo,w + l|HLp(/)||BLO,w + II^(/)IIblo,w < C||/||bmo,w. 
Proof. Since for all locally integrable functions /, 

Mpif) < M{f) < M,{f) + II/IIbmOpW, 

by Theorem 4.1 and Lemma 4.2, wc have that if / G BMOp{X), then M(/) G BLOp(A') 
and ||M(/)||blOp(A') < II/IIbmOp(A')- Using this together with Theorem 4.1, the facts that 
HLp(/) = Mp(|/|), HL(/) = M(|/|) and that |||/|||bmOpW < 2||/||bmOpW / e 

BMOp{X), we have that HL(/), HLp(/) G BLOp(A') and 

l|HLp(/)||BLOp(A') + I|HL(/)||blOp(A') ^ II/IIbMOp(A')- 

This finishes the proof of Corollary 4.1. □ 

Remark 4.1. Let d > 3, F be a nonnegative integrable function on and JC = — A + V. 

If q> d/2, V G Bg{W^) and p is as in (4), then BMOp(M'^) is just the space BMO£(]R'') 
introduced in [9]. It was proved in [9] that HL is bounded on BMOp(M°'). Recall that 
BLOp(M'') C BMOp(M''). Thus, Corollary 4.1 improves the result of [9]. Similar claim is 
also true for HL on Heisenberg groups; see [22]. 

5. Boundedness of several maximal operators. This section consists of two subsec- 
tions. Subsection 5.1 is devoted to the boundedness of several radial maximal operators 
from BMOp{X) to BLOp(Af); while in Subsection 5.2, we obtain the boundedness of the 
Poisson semigroup maximal operator from BMOp{X) to BLOp{X). 

5.1. Boundedness of radial msiximal operators. 

Theorem 5.1. Let p be an admissible function on X and S~^{f) be as in Definition 2.4- 
Then there exists a positive constant C such that for all f G BMOp{X), 

II'S'"''(/)||bLOp(A') < C'II/IIbMOpW- 
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Proof. By the homogeneity of || ■ ||bmOp(a') ^^i^d || ■ ||blOp(A')) we may assume that 



BMOp(A') — 1- 

Observe that by Definition 2.3 (i), S^{f) < HL(/). From this and Corollary 4.1, it follows 
that for ah balls B = B{xo, r) G V, 

-^/^s+(/)(x)d,M<i. 

This also implies that S^{f){x) < oo for /i-a. e. x £ X. Moreover, by the inequality above, 
to finish the proof Theorem 5.1, it suffices to show that for all balls B = B(xq, r) ^ T> 
and y E B, 

[ - S+{f){y)] d„{x) < 1. (20) 

K^) Jb 

Let /i ^ (/ - fB)X2B, /2 ^ (/ - /b)X(2B)C, B, = {xeB: S+if){x) > S+{f){x)} 
and B2 = B \ Bi, where for all x & X, S'+(/)(x) = supo<t<r \St{f){x)\ and S^{f){x) = 
sup^<j<(^ \ St{f ){x)\. By using Definition 2.3 (iv), we have that for all y E B, 

-l^JjS+{f){x)-S+{f){y)]df^{x) 

+\fB - Sr{f){y)\ + J^^J^ [S^ifK^) - S^{f){y)] 
= Li + L2 + L3 + L4. 

By the Holder inequality, S+{f) < HL(/), the L2(A:')-boundedness of HL, (1) and 
Lemma 3.1, we obtain 

S /jHL(A)(x)]^ < l/(x) - M^)) < 1. 

Recall that {St}t>o is a continuous (ei, e2)-A0TI. By Remark 2.1, Definition 2.3 (i), 
(1) and the fact that for all x G -B and j G N, 2^+^B C B{x,2^+'^r), we have that for all 

te{0,r), 



\St{f2){x)\< [ ,v^—ATT7^^Y\f^'^-f^\'^^'^'^ 

J(2Bf V{x,z) \t + d{x,z)J 



(2B)C V{x,z) \t + d{x,z)^ 
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< 



^ ^ i=i 



which imphes that L2 < 1. 

By Definition 2.3 (iv) and (i) together with (1) and the fact that for all y e B and 
j e N U {0}, C B{y, 2^+\), we have 



U< [ \Sr{y,z)[f{z)-fB]\d^i{z) 
Jx 



< 



X Vr{y) + Viy, z) \r + d{y, z) ^ 
00 „ 00 

I^2"'"t7 / \f{z)-fB\dti{z)<J22-^^^l+j)<l. 



On the other hand, for all x, y G B and t G [r, 00), B{x, t) C B{y, 2t) C 3i). It 
follows from this fact and (1) that 

\fBi.,t) - fBM\ ^ ^^B{X, 3,)) /^^^^^^^ |/(^) - ^/^(^) ^ 1- 

By this and an argument similar to the estimate for L3, we have that for all x, y G 5 and 
t e [r,oo), 

\St{f){x) - Stif){y)\ 



< 



\St{f){x) - fBix,t)\ + \fBix,t) - fBiy,t)\ + " St{f){y)\ < 1, 



which implies that 

^4 ~ TZm / - St{f){y)\dfiix) < 1. 

Combining the estimates for Li through L4 yields (20), which completes the proof of 
Theorem 5.1. □ 

By Definition 2.3 (i), we have that for all x G and t G [/^(x), 00), 

00 

This implies that there exists a positive constant C such that for all / G BMOp(A'), 

s;{f) < S+if) < S^if) + C||/||bmo,(a^)- 
Prom this, Lemma 4.2 and Theorem 5.1, we deduce the following corollary. 



18 



Dachun Yang, Dongyong Yang and Yuan Zhou 



Corollary 5.1. Let p he an admissible function on X and S'^{f) be as in Definition 2.4- 
Then there exists a positive constant C such that for all f G ^M.Op{X), S'^{f) G BLOp{X) 
and ||-S+(/)||blo,W<C||/||bmo,W- 

Let {Tt}t>o be a family of bounded linear operators with integral kernels {Tt{x, y)}t>o- 
Assume that there exist constants C^G (0, oo), ei G (0,1], €2 G (0, 00), S G (0, 1] and 
7 G (0, 00), and an (ei,e2)-A0TI {Tt}t>o with kernels {Tt{x,y)}t>o such that for all 
t G (0, 00) and x, y & X, 

Tt{x,y)-ft{x,y) <c( J ) \ S ( TT:^ a V ■ (22) 

\t + p{x)J Vt{x) + V{x,y) \t + d{x,y)J 

Notice that by (22), for all / G BMOp{X) and t G (0, 00), we have that for all xe X, 
|T,(/,(.)-f,(/)W| < (^) E.-..^ / 



< 



V2o-^t{x) Jd{x,y)<2H ' 



j = l 

S 00 



<llfllBMO,W- (23) 



Define the maximal operators and T"*" as in Definition 2.4 (i) with St replaced by Tt 
and Tt, respectively. Then by (23), there exists a positive constant C such that for all 
/ G BMOp{X), 



Since T"*" is bounded from BMOp{X) to BLOp{X) (see Theorem 5.1), applying Lemma 
4.2 again, we have the following corollary. 

Corollary 5.2. Assum^e that (22) holds. Then there exists a positive constant C such 
that for all f G BMOp{X), T+{f) G BMOp{X) and ||T+(/)||blo,W ^ ^II/IIbmo,W- 

5.2. Boundedness of Poisson semigroup maximal functions. Let {Tt}t>o be a 
family of bounded linear integral operators on {X) and 



(24) 



Define the maximal operator P+ as in Definition 2.4 (i) by replacing Tt with Pt. If {Tt}t>o 
is replaced by another family {Tt}t>o of bounded linear integral operators on L^{X), we 
then denote the corresponding Pt in (24) by Pt and the corresponding maximal operator 
by P+. 
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Lemma 5.1. (i) Let {Tt}t>o be an (ei, e2)-A0TI for e\ G (0,1] and e2 G (0, oo). Then 
{Pt}t>o is an (ei, ey-AOTI with e'^ G (0, 62] n (0, 1). 

(ii) If {Tt}t>o and {Tt}t>o satisfy (22) with constants C € (0, 00), ei G (0, 1], €2 G 
(0, 00), 5 G (0, 1] and 7 G (0, 00), then so do {Pt}t>o o.i^d {Pt}t>o with constants C G 
(0, 00), ei, £2, 6' and 7', where €2 G (0, €2] H (0, 1), 7' G (0, 7) and S' G (0, (5) satisfying 
< 7' + (5' < 1. 

Proof. We first prove (i). By 7t(a;, y) dn{y) = 1 for all x G X, we obtain 



/ Pt{x, y)dn{y) = ^ , , 



Tt/(2^){x,y) dsdii{y) 



v^7o Vs 



ds = 1. 



Similarly, for any x G A', it follows from j-^. Tt{y, x) dfi{y) = 1 that J-^, Pt{y, x) dfi{y) = 1. 
For all s, i G (0, 00) and x, y E X, from the fact that 



t + d{x,y) < {l + s)[t/s + d{x,y)], 



it follows that 



t/s 



<(l + .-i) 



(25) 

(26) 



t/s + d{x, y) t + d{x, y) ' 

On the other hand, by (1) and (25), we have that for all s, i G (0, 00) and x, y & X, 

Vt/s{x) + V{x, y) ~ ix{B(x, t/s + d{x, y))) 

> (1 + s)-V(B(x, t + d{x, y))) ~ (1 + sr^[Vt{x) + V{x, y)]. (27) 

Since {ft}t>o is an (ei, €2)-A0TI, by Definition 2.3 (i), (26) and (27), we obtain that for 
all €2 G (0, 62] and all x, y e X, 



Pt{x, y) 



< 



f 

Jo 



-s2/4. 



Tt/s{x, y) 
1 



ds 



Vt/s{x) + V{x, y) \t/s + d{x, y) 



t/s 



£2 



ds 



< 



(28) 



Vtix) + V{x, y) \t + d{x, y)^ 
Now we prove that for all x, x', y e X and t G (0, 00), if d{x, x') <\\t + d{x, y)], then 



Pt{x, y) - Pt{x', y) 



< 



1 



d(x, x') 

t + d{x, y)J Vt{x) + V{x, y) yt + d{x, y) 



(29) 



If |[t + d{x, y)] < d{x, x') < \[t + d{x, y)], (28) yields (29). If \d{x, y) < d{x, x') < 
g[i + d{x, y)], then d{x, y) < 4d{x, x') < t. In this case, t + d{x, y) ^ t + d{x' , y). By 
Definition 2.3 (ii), (25), (26) and (27), we obtain 

Pt{x, y) - Ptix', y) 
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< 



JO 



-^2/4 



Tt/s{x, y) -Tt/s{x', y) 



ds 



< 



rt/[2d{x,x')] / dix,x') y r 

Jo \t/s + d{x, y)) ^ J. 



t/s 



< 



t/s + d{x, y) 
( d{x,x') 



t/s + d{x, 



t/[2d{x,x')] 



2/4 _ 



Vt/,ix) + V{x, y) 



1 



\t + d{x,y)) Vt{x) + V{x,y)\t + d{x,y) 



t/[2d{x,x')\ 



(1 + .)•■ 



f 

Jtl 



+ I S 

lt/[2d(x,xi)\ 



< 



/ (i(x, X , 

\t + d{x, y)) Vt{x) + V{x, y) ^t + dix, y) 



If x') < ld{x, y), then by Definition 2.3 (ii), (25), (26) and (27), we have 



\Pt{x, y)~Pt{x', y)\ 



< 



< 



f 

Jo 



-s2/4 



Tt/s{x, y)-Tt/s{x', y) 
d{x, x') ^ 



ds 



t/s + d{x, y)J Vt/s{x) + V{x, y) \t/s + d{x, y) 



t/s 



ds 



f d{x, x') 

\t + d{x, y)J Vt{x) + V{x, y) \t + d{x, y) 



which verifies (29). Similarly with x and y interchanged, we have that Pt{x, y) satisfies 
Definition 2.3 (iii). This shows (i). 

To prove (ii), by (i), we only need to prove (22) for and Pt- By (22), (25), (26) 
with d{x, y) replaced by p(x), and (27), we have that for all 7' G (0, 7) and 5' G (0, 5') 
satisfying < 7' + (5' < 1 and x, y ^ 



|Pt(x, y) - Pt{x, y)\ 



S 1 



y) 



ds 



< 



< 



-4s2 



t/s 



t/s + p{x)J Vt/s{x) + V{x,y) \t/s + d{x, y) 



t/s 



ds 



t + p{x)) Vt{x) + V{x,y)\t + d{x,y) 
This finishes the proof of Lemma 5.1. 



□ 



Then by Theorem 5.1, Corollaries 5.1 and 5.2, we obtain the following result. 
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Theorem 5.2. Let p be an admissible function. Assume that {Tt}t>o and {7t}t>o satisfy 
(22) with constants C e (0, oo), ei G (0, 1], €2 G (0, 00), 5 G (0, 1] and 7 G (0, oo^. Then 
there exists a positive constant C such that for all f G BMOp(A'), P~^{f), P~^{f), Pp{f) G 
BLOp{X) and 

\\P^{f)\Uo,ix) + \\P+{f)\Uo,(x) + \\P;{f)\\BLO,ix) < C||/||bmo,w- 



6. Boundedness of the Littlewood-Paley gi-function. In this section, we consider 
the boundedness of certain variant of the Littlewood-Paley (7-function on BMOp(A'). 

Let p be an admissible function on X and {Qt}t>o be a family of operators bounded on 
L'^{X) with integral kernels {Qt{x, y)}t>o satisfying that there exist constants C G (0, 00), 
5i G (0, 00), /? G (0, 1], 82 G (0, 1) and 7 G (0, 00) such that for all t G (0, 00) and 
X, x', y £ X with d{x, x') < |, 

iQ)i \Qtix, y)\ < C (2,)+V(x, y] ( t+dix, y)^'^^ t+pix) ' 

mx, y) ^ Q,{x', y)\ < C(4|gy) ^,(.HV(.,,) (^j:^)"; 
{Q)in\f;,Qt{x, y)df,{y)\<C{j^Y'^. 

For all / G L\^^ (X) and x G X, define the Littlewood-Paley ^-function by 

/ /-oo j,\ 1/2 

5(/)(x)=^ \Q,{f)ix)\'jj . (30) 



Theorem 6.1. Let p be an admissible function on X. Suppose the g-function defined 

in (30) is bounded on L'^{X). Then there exists a positive constant C such that for all 

o{x)- 



f G BMO,(^), [g{f)f G BLO,(^) and \Mf)?\Wo,ix) < C||/|||mo„ 



Proof. By the homogeneity of || • IIbmOp(A') and || • ||blOp(A')) we assume that / G YiMOp^X) 
and ||/||bmOp(A') = 1- We first prove that for all balls B = B{xo, r) with r > p{xo), 

-^JW){x)fdp{x)<l. (31) 

For any x E B, write 

rSpix) 

mf)ix)\''^ + 

I' JSp[x 

By the L^( A') -boundedness of g, (1) and Lemma 3.1, we have 

^ j[9i{fX2B){x)f dn{x) ^J^J^^ I/WI' dp{x) < 1. (32) 
For any a; G -B, by (Q)i, 

(/X(..)c) (x)| < / +V(x, y) (tTdk^)' '^^'^ 



[9if)ix)f ^ / mf)ix)\'^ + / \Qt{f){x)\\ ^ [giifKx)? + [g2if){x)]' 

Jo I' JSpix) I' 
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Notice that for all a; G i?, by (10), we have p{x) < r. From the inequality above we deduce 
that 

Combining (32) and (33) gives us that 

-j^^j[9,{f){x)fdn{x)<\. (34) 
To prove (31) with g2, we first notice that for all x G -B and t > 8p{x), 

\Qtif){x)\ < [ TTT^^. — 7 fr—l — sT (tth-^T \fiy)\My) 



< /M)'' f;2-"— i-^ / \miMy) < i'-^)" ■ (35) 

V W ^ V2j-H{x) Jd{x,y)<2H \ t ) 



Then 

i92{f){x)? dp{x) < ^ [ r (^Y'^dp{x)<i, 

1^\B)Jb fJ-iB) JbJ8p(x)\ t ) t 

which together with (34) gives (31). Moreover, since (31) holds for all balls B{xq, r) with 
f > p{xq), we have that g{J){x) < oo for a. e. x G X. 

Now we assume that B = B{xq, r) with r < p{xq). If r > p{xo)/8, then by (1) and 
(31), we have 

^ - essmfW/)!^} *W < -J^£b(/)(x)r^*(x) < 1. 

which is desired. Assume that r < p{xq)/8. It suffices to show that for p-&. e.y & B, 

^ Jjiaimx)? - wm?} dp{x) < 1. 

For all X G -B, write 

b(/)(^)F= r\Qt{mx)f^+ I 

Jo J8; 



•••+/ • 

^ [9rif){x)? + [5.,.o(/)(^)]' + [9oo{f){x)f. 



Observe that for p-a. e.y e B, 
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We first prove that 

j^^ljgr{f){x)]'di,{x)<l. (36) 

Write f = fi + f2 + /b, where /i = (/ - /s)x2S and f2 = {f - /b)X(2S)C- By the 
L^(-%')-boundedness of g, (1) and Lemma 3.1, we have 

^ j[9r{h){x)f dfiix) <-L.ljf- dfiix) < 1. (37) 

For aU x G B, hy (Q)i, (1) and the fact that I/2J+1S — /s| ^ j for all j G N, we have 

°o / ^ \ 7 r 1 /• 



which further implies that 

^jMhK^)?M^)<l (-) J SI. (38) 

By (37) and (38), to prove (36), it remains to show that 

-^J[grUB){x)fdti{x)<l. (39) 

Observe that < log^^^. For all x G B and t € {O,p{xo)), from (Q)iii and the fact 
that r < p{xo)/8 and (10), it follows that 

which via t < 8r < p{xo) further yields (39). 

Let a G [1/8, 00) and Ca be as in (10). We now claim that for all / G BMOp{X) with 
\bmOp{x) = I, X e B and t < 8Cap{xo), 



\QtU)ix)\<l. (40) 

In fact, by (Q)ii, we obtain 

\Qtif - fBi.,t)){x)\ 
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oo „ 

^E2"'"t7 — f-. / l/(y)-/B(.,t)l'iMy)<i- (41) 

^ \/2j-it(,Xj Jd{x,y)<2H 

Since ^2 > 0, by (Q)iii and the fact that for all x E X, \fB{x,t) \ ^ 1 + log we have 

IO,(/B,.,,)(x)|<(^)*(l+lcg^)<l. 



Combining this and (41) proves the claim. 

Using (40), (10) and (35), we have that for all x & B, 



dt r^Cap{xo) 



JsCaPixo) \ t J ^ 

which gives that 

j^Jj9oo{f){x)?df,{x)<l. (42) 
By (36) and (42), to finish the proof of Theorem 6.1, it remains to show that for //-a. e. 

yes, 

^ Jj[9r,xo{f){x)r - [9r,xo{f){y)r} dfi{x) < 1. (43) 
Prom (40), we deduce that for /x-a. e. x, y e B, 

{[9r,xM)ix)?-[gr,xo{f){y)?] 

< / \Qt{f)ix) + Qt{f)iy)\\Qt{f)ix)-Qt{f)iy)\^ 

< / \Qt{f){x)-Qt{f){y)\^. 

For t G (8r, 8p{xo)) and x, y e B, we write 

\Qt{f){x) - Qt{f){y)\ 



< 



[Qt{x,z)-Qt{y,z)] [f{z)-fB]dii{z) 

X 



+ \fB\ 



[Qt{x,z) - Qt{y,z)] dii{z) 



= Jl + J2. 

By (Q)ii, t e {8r,8p{xo)), (1) and the fact that 2^+^B C B{x, 2-'+V) for all x e B, we 
obtain 

Ji^/ f .^w;""^ y ,n ^ ^ f .^i X \f{z)-fB\d^,{z) 

Jx \t + d{x, z)J Vt{x) + V{x, z) \t + d{x,z)J 
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oo 

< V . 

" (* + 2^- \ V^j 



^—r^ I l/(^) - /2j+ibI c^mC^) + I/2J+1B - /s| 



i=o 



(t + 2Jr)/^+T 



Prom this, we deduce that 



t ~ 



00 „, 

,=0 



Isr {t + 2^r)/3+7 
On the other hand, we obtain that for //-a. e. x, y G B, 

/ [Qt{x, z) - Qt{y, z)] dfi{z) 
Jx 



dt < 1. 



(44) 



< 



d{x, y) 



x\t + d{x, z) J Vt{x) + V{x, z)\t + d{x, z) 



dfi{z) 



~ ^ (2^^ ^ ~ it) ' 



3=0 



The fact that r < p{xo)/8 together with (10) and < log impUes that for /x-a. e. x, 

y&B, 



JSr 



log 



X 

p{xo) /r\f 



[Qt{x,z) - Qt{y,z)] dii{z 

/3 / . X min(|,^) 



t \ s dt 



8r 



Pixo) 



dt ^ /r\l dt 



t 

< 1. 



This together with (44) leads to (43), and hence, finishes the proof of Theorem 6.1. □ 

As a consequence of Theorem 6.1, we have the following conclusion. 

Corollary 6.1. With the assumptions same as in Theorem 6.1, then there exists a positive 
constant C such that for all f G BMOp(-Y), g{f) G BLOp(A:') and \\gif)\\BLOp{x) < 

C\\f\\BMOp(X)- 



Proof. Since 



g{f) - essinf gif) < [g{f)Y - essinf [g{f)] 



1/2 



by the Holder inequality and Theorem 6.1, we have that for all balls B ^V, 



g{f){x) - efismig{f) 



dii{x) 
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1 /2 

1/2 



KB) 

On the other hand, by (31) and the Holder inequahty, we obtain that for all balls B eV, 

Combining the two inequalities above finishes the proof of Corollary 6.1. □ 

7. Applications. This section is divided into Subsections 7.1 through 7.4, which are de- 
voted to the applications of results obtained in Sections 5 and 6, respectively, to the 
Schrodinger operator or the degenerate Schrodinger operator on R'^, the sub-Laplace 
Schrodinger operator on Heisenberg groups or on connected and simply connected nilpo- 
tent Lie groups. 

7.1. Schrodinger operators on M^. Let d be a positive integer and d > 3, and 
be the d-dimensional Euclidean space endowed with the Euclidean norm | • | and the 
Lebesgue measure dx. Denote the Laplacian Yl'j=i ^ by A and the corresponding 

heat (Gauss) semigroup {e*^}t>o by {Tt}t>o. Let y be a nonncgativc locally integrable 
function on M'^, C = ~A+V be the Schrodinger operator and {Tt}t>o be the corresponding 
semigroup. Moreover, for alH > and x, y G R"^, set 



Qt{x, y) = t — 



=t2 



Let q G {d/2,d\, V G Bq{R ,\ ■ \,dx) and p be as in (4). Then we have the following 
estimates; see [8, 6, 7]. 

Proposition 7.1. Let q G {d/2, d], G (0, 2 — d/q) and iV G N. Then there exist positive 
constants C and C , where C is independent of N , such that for all t G (0, oo) and x, x' , y G 
X with d{x, x') < v^/2, 

(^) |T,(x, y)\ < Ct-^/'eM-^-^}[^/[^f; 

(n) |T,(., ,) - r,(.', y)\ < C[^]^r'^/^exp{-^}[^]-[^]-; 

(m) |r,(x, y) - f,(x, y)\ < exp{-^}, 

and for all t G (0, cxd) and x, x' , y £ X with d{x, x') < t/2, 
H |Q,(x, y)\ < Ct-^oM-^^}[4S^r[j^r; 
(v) mx, y) - Q,ix', y)\ <^C[^^]'^t-^ exp{-^}[^]^[^]^; 
(m) \J^aQt{x, y)df^{y)\ < C[^?-'/'[j^r ■ 
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Observe that {r^2}t>o is a continuous (1, A/")-AOTI for all positive constants N. Thus 
{Tj2}t>o and {Tf2}t>o satisfy the assumption (22). Moreover, the L^(R'^)-boundedness 
of (/-function was obtained in [8]. Using these facts and Proposition 7.1 and applying 
Theorems 5.1, 5.2 and 6.1, and Corollaries 5.1, 5.2 and 6.1, we have the following result. 

Proposition 7.2. Let q € {d/2,oo], V G Bq{M.'^, \ ■ |, dx) and p be as in (4). There exists 
a positive constant C such that for all f G BMOp(M'^), T+(/), f +(/), T+(/), 
P^if), P^if), 9if), W)? e BLOp(M'^) and 

l|r+(/)||BLO,(M<^) + r+(/)llBLO,(R<^) + ^p+l/) IIbLO,(M<*) + II^'+(/)IIbLO,(IR'*) 

+ r+(/)llBLO,(M<^) + II^p+(/)IIbLO,(M'^) + I|5(/)IIbLO,(M'*) + II b(/)]' IIb^O.CM'^) 
< C'll/llBMOp(Md)- 

We also point out that when p is as in (4) , Dziubahski et al [9] obtained the boundedness 
of r+, P+ and g on BMOp(M'^). Proposition 7.2 improves their results. 

7.2. Degenerate Schrodinger operators on W^. Let d > 3 and M.'^ be the d-dimensional 
Euclidean space endowed with the Euclidean norm | • | and the Lebesgue measure dx. Recall 
that a nonnegative locally integrable function w is said to be an A2{'M.'^) weight in the sense 
of Muckenhoupt if 

1/2 r 1 r ^ 1/2 

< DO, 



BCK<^ I Jb J I Jb J 



where the supremum is taken over all the balls in M'^. Observe that if we set w{E) = 
w{x)dx for any measurable set E, then there exist positive constants C, Q and k such 
that for all x eR^, X> 1 and r > 0, 

C''^\'^w{B{x, r)) < w{B{x, Ar)) < CX^w{B{x, r)), 

namely, the measure w{x) dx satisfies (1). Thus (M'^, | • |, w{x) dx) is an RD-space. 

Let w G A2{M.'^) and {aij}i<,ij<,d be a real symmetric matrix function satisfying that 
for ah x,CeR'^, 

l<i,j<d 

Then the degenerate elliptic operator jCq is defined by 

Cof{x) = -^^ J2 di{aiji-)djf){x), 

^<i,j<d 

where x G M'^. Denote by {Tt}t>o = {e-*'^o}t>o the semigroup generated by Cq. We also 
denote the kernel of Tt by Tt{x, y) for all x, y G M*^ and t G (0, oo). Then it is known that 
there exist positive constants C, Ce, Cq and a G (0, 1] such that for all t G (0, oo) and 
X, y G W^, 

C-^^exp|-^^|<T,(x, 2y)<^^TT^exp|-^^ 
^Vt(^) l CqI J y^ti^) I Get 
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that for all t G (0, oo) and x, y, y' G with \y - y'\ < \x — y\/4, 
and that for all t G (0, oo) and x, y G 



/ 



rt(a;, z) dz = 1= / Tt(z, y) dz; 



see, for example. Theorems 2.1, 2.7, 2.3, 2.4 and Corollary 3.4 of [17]. 

Let y be a nonnegative locally integrable function on w{x) dx. Define the degenerate 
Schrodinger operator by £ = £o + Then C generates a semigroup {Tt}t>o = {e~*'^}t>o 
with kernels {Tt(x, y)}t>o- Moreover, for all t G (0, oo) and x, y G M*^, set 

Qt{x, y) = t 



ds 

Let q G (Q/2,Q], V G ^^(M'^, | • \,w{x)dx) and p be as in (4). Then {Tt]t>Q and {Qt}t>Q 
satisfy Proposition 7.1 with replaced by V^{x), t~'^ by 14 (.x), and d by Q. 

In fact, the corresponding Proposition 7.1 (i) and (iii) here were given in [8]. The proof 
of (ii) here is similar to that of Proposition 7.1; see [7] and also Lemma 7.4 below. The 
proofs of the corresponding Proposition 7.1 (iv), (v) and (vi) here are similar to that of 
Proposition 4 of [9]. Wc omit the details here. 

Observe that {Ti2}t>o is a continuous (1, A^)-AOTI for all positive constants N. Thus 
{ri2}t>o and {T^2}t>Q satisfy the assumption (22). Moreover, the L^(M'^)-boundedness of 
^-function can be obtained by the same argument as in Lemma 3 of [8]. Using these facts 
and applying Theorems 5.1, 5.2 and 6.1, and Corollaries 5.1, 5.2 and 6.1, we have the 
following conclusions. 



Proposition 7.3. Let w G A2(M'^). Let q G (g/2,oo], V G Bq{R'^, \ ■ |, w{x)dx) and p 
be as in (4) with dfi = w{x)dx. Then there exists a positive constant C such that for 
all f G BMOp{w{x)dx), T+{f), T+{f), T+{f), P+{f), P+{f), P+{f), g{f), [g{f)]^ G 
BLOp{w{x) dx) and 

\\T'^{f)\\BLOp{w{x)dx) + \\T'^{f)\\BLOp{wix)dx) + \\Tp {f)\\BLOp{w{x) dx) 

+ \\P'^{f)\\BLOp{w{x)dx) + \\P'^ if )\\bLOp{w{x) dx) + \\Pp{f)\\BLOp{w{x)dx) 

+ \\9{f)\\BLOp{w{x)dx) + \\[9if)?\\Blopiwix)dx) 



< C\\J \\BMOpiwix)dx)- 

7.3. Schrodinger operators on Heisenberg groups. The (2n+ l)-dimensional Heisen- 
berg group H" is a connected and simply connected nilpotent Lie groups with the under- 
lying manifold R^" x M and the multiplication 

/ 

(x, s){y, s) = [x + y,t + s + 2 ^[xn+j-y^ - Xjyn+j] 
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The homogeneous norm on is defined by |(a;, t)\ = + It^V^ for all {x, t) G 
H", which induces a left-invariant metric t), (y, s)) = \{—x, —t){y, s)\. Moreover, 

there exists a positive constant C such that \B{{x, t), r)\ = Cr^, where Q = 2n + 2 is 
the homogeneous dimension of H" and \B{(x, t), r)\ is the Lebesgue measure of the ball 
B{{x, t), r). The triplet (H", d, dx) is an RD-space. 

A basis for the Lie algebra of left invariant vector fields on H" is given by 

X2n-M = ^, = A + 2x„+,|, X„+, = ^-2:c,|, j = !,•••, n. 

All non-trivial commutators are [Xj, X^+j] = — 4X2„+i, j = 1, • • • , n. The sub-Laplacian 
has the form Ah" = E?=i 

Let y be a nonnegative locally intcgrablc function on H"". Define the sub-Laplacian 
Schrodinger operator by ^ = — Ah" + V. Denote by {Tt}t>o = {e~*'^}t>o the semigroup 
generated by L and by {Tt}t>o = {e*^*'"}t>o the semigroup generated by — Ah«. 

Let V e Bg{W, d, dx) with q e {n + l,2n + 2] and p be as in (4). Then {Tt}t>o and 
{Qt}t>o satisfy Proposition 7.1 with d replaced by 2(n-|-2) and |a; — y| replaced by d{x, y); 
see [22]. 

Observe that {Tj2}t>o is a continuous (1, A/')-AOTI for all positive constants A^. Thus 
{r^2}t>o and {r^2}t>o satisfy the assumption (22). Moreover, the L^(lHl")-boundedness of 
^-function was obtained in [22]. Using these facts and applying Theorems 5.1, 5.2 and 6.1, 
and Corollaries 5.1, 5.2 and 6.1, we have the following conclusions. 

Proposition 7.4. Let q e {n+ l,oo], V G Bq(lHl", d, dx) and p he as in (4). Then there 
exists a positive constant C such that for all f G BMOp(M"), r+(/), T+{f), f+{f), 
P^if), P^if), P^{f), 9if), W)? e BLO,(M") and 



|T'^(/)IIbLOp(H") + I|7'^(/)IIbLOp(H") + I|7'p^(/)IIbLOp(H") + I|-P^(/)IIbLOp(H") 

,(H") 



+ II^+(/)IIbLOp(H") + II^'p+(/)IIblo,(h») + I|5(/)IIblo,(H") + II[5(/)]'IIblo, 
< C'II/I|bmOp(H")- 

We also point out that when p is as in (4), Lin and Liu [22] introduced BMOp(E["') 
and established the boundedness of T+, P+ and g on BMOp(H"). The results in this 
subsection improve their corresponding results. 

7.4. Schrodinger operators on connected and simply connected nilpotent Lie 
groups. Let G be a connected and simply connected nilpotent Lie group. Let X = 
{Xi, • • • ,Xk} he left invariant vector fields on G satisfying the Hormander condition that 

{Xi, ■ ■ ■ , Xk} together with their commutators of order < m generates the tangent space 
of G at each point of G. Let d be the Carnot-Caratheodory (control) distance on G 
associated to {Xi, • • • , X^}. Fix a left invariant Haar measure p on G. Then for all 
X e G, Vr{x) = Vr{e); moreover, there exist k, D e (0, oo) with k < D such that for all 
X G G, 

C-^r'^ < Vrix) < Cr" (45) 
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when r G (0,1], and C^V^ < Vr{x) < Cr^ when r G (l,oo); see [25] and [29]. Thus 
(G, d, fi) is an RD-space. 

The sub-Laplacian is given by Ag = Ylj=i^j- Denote by {ft}t>o = {e*^^}t>o the 
semigroup generated by — A^. Then there exist positive constants C, Cy and Cy such 
that for all t G (0, oo) and x, y G G, 

that for all t G (0, oo) and x, y, y' e G with d{y, y') < d{x, y)/4:, 

and that for all t G (0, oo) and x, y eG, 

[ Ttix, z)d,x{z) = 1 = / Ttiz, y)dfi{z); 

JG JG 

see, for example, [29]. 

Define the radial maximal operator T+ by T+(/)(x) = sup^^Q \Tt{f){x)\ for all x G G. 
Then by (46), it is easy to see that r+ is bounded on L^(G) for p G (1, oo]. 

Let y be a nonnegative locally integrable function on G. Then the sub-Laplace 
Schrodinger operator C is defined by £ = —Ag, + V. The operator C generates a semigroup 
of operators {lt}j>o = {e^*^}t>05 whose kernels are denoted by {Tt{x, y)}t>o- Define the 
radial maximal operator r+ by r+(/)(x) = sup^^Q |e~*'^(/)(x)| for all a; G G. Then from 
Lemma 7.1 below, it is easy to see that r+ is bounded on IJ'{G) for p G (1, oo]. 

Let q > D/2, V G Bq{G, d, fi) and p be as in (4). Then Li [21] established some 
basic results concerning C, which include estimates for fundamental solutions of >C and the 
boundedness on Lebesguc spaces of some operators associated to C. To apply the results 
obtained in Sections 5 and 6 to £, wc need the following estimate, which is a consequence 
of Proposition 5.2 and (5.12) in [31] together with the symmetry of Tt and the fact that 
for all X, y G G and t G (0, oo), Vt{x) ^ Vt{y). We omit the details. 

Lemma 7.1. Let q G {D/2, D] and V G Bq{G, d, //). Then for all N G (0, oo), there exist 
positive constants C and Cg, where Cg is independent of N, such that for all t E (0, oo) 
and X, y E G, 



0<Tt{x, y)<C— ^exp 



[d(x, y)]^ 



p{x) 



N 



p{y) 



1 N 



I Cst J [pix) + Vtj \.p{y) + Vi. 

For t G [0, oo), set Et = Tf — Tt. Denote also by Et the kernel of Ef. The following 
estimate for Et was established in [31]. 
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Lemma 7.2. If q & {D/2,D] and V G ^^(G, d, /x), then for all N G (0, oo), there exist 
positive constants C and Cg, where Cg is independent of N, such that for all t G (0, oo) 
and X, y E G, 



< Et{x, y)<C 



Vt 



-, 2-D/q 



Vi + p{x) 



1 



exp 



Cgt 



Moreover, to estimate the regularity of Tt, we need the regularity of Et. To this end, 
we recall the following lemma. 

Lemma 7.3. If q E {D/2,D] and V G Bg{G, d, ii), then for all positive constants C and 
C , there exists positive constant Aq such that for all x E G and t > 0, when s/i < Cp{x), 



Ig 



'G V^,{x) 
while when s/i > Cp{x), 

V{z 



exp 



exp 



[d{x^z)\' 
Ct 



[d{x^z)f 
Ct 



dfi{z) < Aq 



2-D/q 



dp,{z) < 



p{x) 



where Iq is a positive constant independent of C, C and A^ . 



Wc remark that Lemma 7.3 with ^/t < Cp{x) is just Lemma 5.1 of [31]. For \/i > 
Cp{x), the result can be proved similarly. We omit the details. 

Lemma 7.4. If q e {D/2,D] and V G Bq{G, d, p), then for all 6' G (0,2 - D/q), there 
exist positive constants C and Aj, where Aj is independent of 5, such that for all t G (0, oo) 
and x' , X, y G G with d{x,x') < min{d{x , y) / A, p{x)}, 



\Et{x, y)-Et{x',y)\<C 



d{x, x') 

p{y) 



■ exp 



Art 



Proof. Let x', x, y e G with d{x,x') < m.m{d{x,y)/4, p{x)}. Notice that if d{x,x') < 
d{x,y)/4, then d{x,y) ~ d{x' , y). We first prove that for all 5' G {0,2 — D/q) and x,y e G, 



\Et{x, y)-Et{x', y)\< 



d{x, x') 

p{y) 



(48) 



If d{x, x') > p{y), then (48) follows from Lemma 7.2. If d{x, x') < p{y) and t < 
2[d{x, x')]^, another application of Lemma 7.2 together with the symmetry of Tt and Tt 
also yields (48). Thus wc may assume that d{x, x') < p{y) and t > 2[d{x, x')]^. 

Recall (see, for example, [31, 8]) that for all x, y e G, 

Etix, y) = ft{x, y) - Tt{x, y) = / ft-s{x, z)V{z)Ts{z, y) dp{z) ds. 

Jo JG 
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We write 



\Et{x, y) - Et{x', y)\< I f \Tt-s{x, z) - Tt-s{x , z)\V{z)Ts{z, y) dii{z) ds 

Jo Jg 

= [ [ \Tt-s{x, z) -ft-s{x', z)\V{z)Ts{z, y)dfi{z)ds 
Jo Jg 

rt/2 /. _ _ 

\Ts{x, z) -Ts{x', z)\V{z)Tt-s{z, y)diJL{z)ds 



Jo Jg 
= Fi + F2. 



To estimate Fi, we consider the following two cases. Case (i) t < 2[p{y)]^. For s £ 
(0, t/2), we have t — s ^ t. By (47), Lemma 7.1, Lemma 7.3, the symmetry of T^, the 
assumption that D/2 < q < D and the fact that Vr{x) ~ Vr{y) for all x, y e G and 
r G (0, go), we have 



Fi < 



t/2 



< 



d{x,x') 1 
Vi V^^ix) Jo 

d{x,x') 1 rt/^ 



V{z) 



exp 



[d{z, yW 
Cs 



dfi{z) ds 



1 pr^l 
ti^) Jo s 



Ay) 



y^y) 

^^~'"\^<\d{x,x')y-'"'^ 1 



Case (ii) t > 2[p(y)]^. Let £o be as in Lemma 7.3 and N > Iq. Using (47), Lemma 7.1 
and Lemma 7.3, we have 



Fi < 



< 



< 



d{x, x') 


1 


Vt 




d{x, x') 


1 


Vt 


yvii^) 


d{x, x') 


1 


p{x) 


yvii^) 



t/2 I- ^ 

2-D/q 



[d{z, y)\' 



\pi:y)? 1 



ds + 



t/2 ^ 



p{y) 



H N 



^ + p{y) 



diJ,{z) ds 



Ipiy)] 



2 S 



' p{y)' 


ds \ 


[v\ 





To estimate F2, we further write 



F2 < 



\Ts{x, z) -Ts{x', z)\V{z)Tt-s{z, y)dii{z)ds 

't/2 



+ 



J[d{x,x')]^ JWi Jld(x.x')]'^ Jv 



[d{x,x')]^ JW2 



= Hi + H2 + H3, 



where Wi = {z £ G : d{x, x') > d{x, z)/A} and M/2 = G \ VFi. 

Since d{x,x') < p{x) together with (10) implies that p{x') ^ p{x), by d{x,z) ^ d{x',z), 
(46), (47) and Lemma 7.3, we obtain 



Hi < 



piy) 



Vvtiy) [V + p{y)\ Jo 



N Ad{x,x')f . 1 [ [d{z, X)f \ 

Jo JoVv-si^) Cs j 



V{z) dp{z) ds 
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< 



P{y) ^^ \d{x,x') 



n-^2-D/q 



' p{y) 



2-D/q 



V\rt + p{y)\ L p{y) J Vp{x). 

Recall (2.4) in [31] that for any fixed y G G and < r < i? < oo, 



f f r \ 2--D/9 E? 



[ V{z)di,{z). 

JB(y, R) 



Let K be as in (45). By the inequality above, the assumption that q G {D/2, D], (47) and 
Lemma 7.1, we have 



Ho < 



1 



piy) 



Vi + p{y) 

pjy) 

Vi + p{y) 



N r.t/2 j- 



d{x, x') 



1 



-V{z) dpL{z) ds 



N 



d{x, x' 

piy) 



/x-|2-D/g 



pjy) 

p{x) 



1 2-D/q 



For Hs, if t < 2[p(x)]2, by d{x,x') < d{x,z)/2, (47), the assumption that q G {D/2,D], 
Lemma 7.1 and Lemma 7.3 with ^/s < y/2p{x), we obtain 



< 



piy) 



Vviiy) iVt + Piy) 
piy) 



N r.t/2 



d{x,x') V{z) 

[d{x,x')f Jw2 ^v^(a^) 



/ / 



exp < - 



[d{z, x)]^ 



Cs 



d^{z) ds 



y^tiy) Wt + p{y) 



N 



d{x, x') 

piy) 



piy) 

p{x) 



S' 



If i > 2[p(x)]^, similarly to the above estimate, using Lemma 7.3 with i/s > p(x), we 
have 



1 



yviiy) 



piy) 



Vt + Piy) 



N 



Ap{x)f rt/2 
J\d(x,x')]'2 J\p(x)] 



d{x,x') 1 



W2 

1 



Vv-si 



Xj 



■ exp 



[d{z, Z)]2 



^ Vviiy) 



piy) 



.Vt + piv) 

Let ko be as in Definition 2.2. Observing that 



Cs 
d{x, x') 

. piy) 



V{z) dp,{z) ds 



2-D/q 



piy) 

A^) 



piy) < 

p{x) ^ 



Vt Piy). ~ 



piy). 



1 fco 



dix,y) 
Vt J ' 



we obtain (48) by taking large enough. The estimate (48) together with Lemma 7.2 
implies the desired estimate, which completes the proof of Lemma 7.4. □ 
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Lemma 7.5. If q e {D/2,D] and V G Bq{G, d, n), then for all N G (0,oo) and S' G 

(0, 2 — D/q), there exist positive constants C and C, where C is independent of N, such 
that for all t G (0, oo) and x', x, y E G with d{x, x') < \/t, 



\Tt{x, y)-Ttix', y)\<C 



d{x, x' 



Vt J V^.ix) 



exp < - 



Ct 



p{y) 



Vi + p{y) 



N 



p{x) 



N 



(49) 



Proof. Let x' , x, y G G with d{x, x') < ^/t. We first consider the case d{x, x') < d{x, y)/^- 
Using (3), we obtain 



p{x' 



Vt + pi 



< 



X' 



pix) 



Vi + pia 



l/(l+fco) 



1 + 



dix,y) 
Vt 



ko/il+ko) 



(50) 



Since d{x,y) ~ d{x',y), by Lemma 7.1, we have 



\Tt{x, y)-Tt{x',y)\<,^^e^p 



[d{x, y)]' 
Ct 



pjy) 

Vi + p{y) 



N 



p{x) 



Vi + pi 



X 



N 



(51) 



If d{x,x') > p{x), then (49) follows from (51). If d{x,x') < p{x), then by Lemma 7.4, we 
obtain 



\Et{x, y)-Et{x', y)\< 



d{x, x') 



5' 



Vt 



1 



Vt J Ipiy)} v^^ix) 

This together with (47) and Tt = Tt - Et gives that 



cxp 



[d{x, y)f 
Ct 



\Tt{x, y)-Tt{x', y)\< 



d{x, x') 



1+ 



piy)l Vvti^ 



exp 



(x, y)f 
Ct 



Then (49) follows from this and (51). 

Now we assume that d{x,x') > d{x,y)/4. In this case, d{x,y) < AV- Write 

\Tt{x, y) - Tt{x', y)\ < / \Tt/2ix, z) -Tt/2{x', z)\Tt/2{z, y)dp{z) 

Jg 

\Tt/2{x, z) - Tt,2{x', z)\Tt/2iz, y)dp{z) + [ 



< 



= Il+l2, 



where Wi and W2 are as in Lemma 7.4. 
By Lemma 7.1, we have 



Ii< 



V{x,x') V{x,x') 



1 



p{y) 



^viiy) lVt + p{y). 



N 



< 



d{x, x') 



5" 



Vt J V^.iy) 



p{y) 



Vt + p{y) 



N 
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where S" e{S',2-D/q). 

Using (49) with d{x,x') < d{x,z)/4 and Lemma 7.1, we obtain 



h < 



~7r 



S" 



W2 



Tt/2{z, y)dn{z) 



< 



~7r 



5" 



p{y) 



N 



By d{x,y) < 4:^/i, (50) and Lemma 7.1, we have (49) for d{x,x') > d{x,y)/4, which 
completes the proof of Lemma 7.5. □ 



For ah X, y e G and t G (0, cxd), define 

Qt{x, y) = 



ds 



Following the proof of Proposition 4 in [9], we have the following result. We omit the 
details. 

Lemma 7^6. Let q G {D/2,D], /3 G (0, 2 - D/q) and N e N. There exist positive 
constants C and C, where C is independent of N, such that for all t G (0, oo) and x, x' , y G 

G with d{x, x') < |, 

(^) mx, y)\ < C^exp{-l%r}[^]^^[^]^; 



(n) \Qt{x, y) - Qt{x', y)\ <^C[!^f^ exp{- 
(m) \J^Q,ix, y)d^^{y)\ < 



[d{x,y)Y 



}[ 



P{x) ]N\ P{y) lAT. 
t+p{x) J h+p(y)\ ' 



Remark 7.1. Let qi, q2 G (L>/2,oo] with qi < q2. Recall that Bg^{G) C Bg^{G). There- 
fore, Lemmas 7.1 through 7.6 hold for all q G (D/2, oo]. 

Observe that {Tj2}t>o is a continuous (1, A/")-AOTI for all positive constants N. Thus 
{T(2}(>o and {Tj2}f>o satisfy the assumption (22). Moreover, the L^(G)-boundedness of 
^'-function can be obtained by the same argument as in Lemma 3 of [9] . Using these facts 
and applying Theorems 5.1, 5.2 and 6.1, and Corollaries 5.1, 5.2 and 6.1, we have the 
following conclusions. 

Proposition 7.5. Let q G {D/2,oo], V G 13q{G, d, fi) and p be as in (4). There exists 
a positive constant C such that for all f G BMOp(G), T+{f), f +(/), ?+(/), P+(/), 
P^U), P^if), 9{f), W)? e BLO,(G) and 

l|r+(/)||BLO,(G) + l|r+(/)llBLO,(G) + l|r+(/) ||bLO,(G) + (/) IIbLO,(G) 

+ II^'+(/)I|bLO,(G) + II^'p+(/)I|bLO,(G) + I|5(/)I|bLO,(G) + llb(/)]'ll BLOp(G) 

< C'II/I|bmOp(G)- 
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